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A zero-area four-blade perfect crystal neutron interferometer (NI) possess a decoherence-free
subspace (DFS) for low-frequency mechanical vibrations and thus is easier to site. However, unlike
the standard three-blade Mach-Zehnder NI the ideal contrast of this four-blade NI geometry is less
than one. By applying a recently introduced quantum information model for dynamical diffraction
we show that the contrast for the four-blade DFS NI can be increased by offsetting the focusing
condition. The contrast optimization leads to an NI geometry where the distances between the
centers of the blades are equidistant. An experiment is proposed to verify the increase in contrast.
I. INTRODUCTION
Perfect crystal neutron interferometry is a powerful
tool for characterization of materials and the precise mea-
surements of fundamental constants from condensed mat-
ter physics and Standard Model of particle physics [1–10].
However, the narrow momentum acceptance and the re-
quired stringent forms of environmental vibration isola-
tion limit the availability of this technique [11–13].
In 2011, a unique design of a zero-area perfect crystal
four-blade NI, commonly referred to as the DFS NI, was
experimentally demonstrated to have a subspace which
protects information from low-frequency mechanical vi-
brational noise [14]. Its design employs two symmetry
requirements. The first stipulates that the two paths in-
side the NI should be refocused on the last blade [6],
as shown in Fig. 1a. The second symmetry requirement
is that there are two loops of equal area inside the NI
so that the noise induced in the first loop is removed in
the second loop [15]. Its unique design overcame a sig-
nificant obstacle which limits the application of perfect
crystal neutron interferometry. In spite of this, the ob-
served contrast of 25% in [14] was less than half of the
expected contrast. A recent study suggests that the max-
imum achievable contrast for the DFS NI is unavoidably
less than one [16].
In this work we show that by relaxing the first symme-
try condition that demands the two paths inside the NI
to refocused on the last blade, we show that the contrast
increases to a maximum at a specific defocusing condi-
tion. The optimal contrast occurs when the distances
between the centers of the blades are equal, as shown
in Fig. 1b. Furthermore, we propose an experiment to
verify the increase in contrast with the original DFS NI
geometry. Our simulations rely on the recently devel-
oped quantum information (QI) formalism of dynamical
diffraction (DD) which is based on the repeated applica-
tion of a unitary at coarse-grained site [17].
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This article is organized as follows: In Sec. II we intro-
duce the QI model including its application to the DFS
NI. In Sec. III we compare the effects of defocussing on
the DFS NI and the three-blade NI and then assess the
extend to which the noise refocusing ability is affected. In
Sec. IV we propose an experiment to verify the concepts,
and in Sec. V are the concluding remarks.
II. MODELING DD FROM A FOUR-BLADE NI
The theory of DD takes into account multiple co-
herent scattering to describes the propagation of waves
through perfect periodic lattices including crystals and
self-assembly systems [6, 18, 19]. There are excellent re-
views of DD available for both x-rays and neutrons with
a focus on the two-wave approximation [18–22]. For a
brief overview of the standard theory of DD and its ap-
plication to the DFS NI, see Appendix A. In this article,
we apply the QI model of DD [17] to analyze coherence
effects in the four blade NI geometry. The advantage
of this model is that it can easily and quickly simulate
a wide range of geometries. We start by reviewing the
application of the model to a single NI blade.
A. QI model of a single blade
The QI formalism of DD is based on the discretization
of the scattering media into coarse-grained units which
acts as unitary operators [17]. The action of an NI blade
is also a unitary operator expressed as a combination of
multiple 2 × 2 unitary operators at coarse-grained sites
(nodes). The two-level logical subsystem of a transvers-
ing wave is labeled as a state vector |aj〉 or |bj〉 where a
(b) refers to the rays moving upward ky > 0 (downward
ky < 0), and j indexes the node. Because the trajecto-
ries are distinct and coherent, the ray tracing approach
is analogous to a path integral, so the QI model leads to
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2a blade unitary operator, U(N), expressed as
U(N) =
N∏
m=1
Um =
N∏
m=1
m∑
j=i
Uj(ξ, θ, ζ), (1)
where N is the number of layers of m-nodes each with
the following unitary operator
Uj(ξ, θ, ζ) = |aj+1〉
(
eiξ cos θ 〈aj |+ eiζ sin θ 〈bj |
)
− |bj−1〉
(
e−iζ sin θ 〈aj | − e−iξ cos θ 〈bj |
)
, (2)
where ξ (ζ) is the phase of the transmitted (reflected)
beam of a single node, and θ controls the relative proba-
bility amplitude of the reflected and transmitted beams
of a single node.
In order to extend the QI model to an NI geometry,
we consider a single path entering a single crystal blade:
|Ψin〉 = |a0〉 , (3)
on the node j = 0. Upon interaction with a single crystal
with operator U(N), the state at the exit is:
|Ψout〉 =
∑
j
(
αj |aj〉+ βj |bj〉
)
, (4)
where, αj = 〈aj | U(N) |Ψin〉 and βj = 〈bj | U(N) |Ψin〉 are
the probability amplitude coefficients, similar to Eqs. (A2
& A3) derived in the appendix using the standard theory
of DD.
B. Modeling the Four-blade DFS NI
Here we describe how to model the four-blade DFS
NI with the QI model of DD. A detailed description of
the four-blade NI geometry can be found in ref. [15]. It
consists of four identical crystal blades sitting on a com-
mon base, see Fig. 1a. When a beam is incident on the
first blade, it splits into a coherent superposition of two
components that are each redirected by the second and
third blades onto the fourth blade where they recombine
and interfere. Although, each of the NI blades act as
a beam splitter, a post selection on only those neutrons
that reach the detectors ensure that the second and third
blade act as mirrors [23].
The four-blade DFS NI shares features with the three-
blade Mach-Zehnder (MZ) interferometer, which is the
commonly studied geometry of neutron interferometry.
On a general note the major difference is that the two
paths are redirected twice before reaching the last blade.
This distinctive feature enables the four-blade NI to
posses a DFS for low-frequency mechanical vibrational
noise [14].
In the four-blade DFS NI shown in Fig. 1a, the QI for-
malism of DD stipulates a unitary operator for each of the
first and last blades, here denoted by U(N). The operator
of the middle two blades is derived from U(N) using ap-
propriate projection operators. The projection operators
FIG. 1. (a) A sketch of a four-blade DFS NI geometry where
on the last blade the two coherent beams are defocussed using
pairs of prisms. When the prisms are taken out, the beams
overlap on the third blade such that the areas of the two
interferometer loops are the same. b) In this geometry the
distances between the centers of the blades are equal, and the
area enclosed in the first loop is slightly different from that
of the second loop. This geometry is found to be optimal for
contrast.
are defined on the upward propagating beam (O-beam)
and the downward propagating beam (H-beam) as
PO =
∑
j
|aj〉 〈aj | , PH =
∑
j
|bj〉 〈bj | . (5)
We can then express the nonunitary operator of the mid-
dle blades which act as mirrors as follows
M(N) = PHU(N)PO + POU(N)PH. (6)
If we denote by Φ(φ) the operator which induces a
phase shift of φ between the two paths, then the state at
the output of the interferometer can be expressed as
|ΨNI〉 = UNI(N,φ) |Ψin〉 =
∑
j
(
ΨOj |aj〉+ ΨHj |bj〉
)
, (7)
with UNI(N,φ) = U(N)M(N)M(N)Φ(φ)U(N), and the
O-beam component labeled ΨOj =〈aj |UNI(N,φ) |Ψin〉 and
the H-beam component labeled ΨHj =〈bj |UNI(N,φ) |Ψin〉
are functions of φ. The intensities at the O-beam and
H-beam are sinusoidal
IH = AH + BH cos (φ− ϕ) , (8)
IO = AO + BO cos (φ− ϕ) , (9)
where the coefficients, AO and AH are the constant part
of the intensity functions, and BO and BH are the ampli-
tudes of the oscillating part of the respective intensities.
3From conservation of neutron counts reaching the detec-
tors, IH +IO = constant, it follows that BO = −BH. The
phase accumulated from the operators is ϕ and will be
described later. A similar intensity behavior is expected
when the standard theory of DD is used, see Eq. (A7) in
Appendix A for details.
The measure of the quality of the interference pattern
at the the exit of the interferometer is called the contrast
and it is expressed by
V = Imax − Imin
Imax + Imin
, (10)
where Imax and Imin are the maximum and minimum
intensities at the particular detector. Considering the
H-beam, the contrast V = |BH/AH|, is then a function
of the parameters ξ, θ, ζ and N . Therefore, a choice of
the parameters must be made for any NI geometry. An
efficient way to do this is by performing an optimization
of the contrast over these parameters. In our case, after
setting ξ = 0 and ζ = 0, we obtained an optimal contrast
of 0.68 at N = 44 and θ = pi/64 for a DFS NI.
III. EFFECTS OF DEFOCUSSING
In the four-blade DFS NI geometry the separation be-
tween the first and second blades is equal to the distance
between the third and fourth blades, while the distance
between the second and third blade is twice as long. The
fact that the separation between the two middle blades
is twice as long as the other blade separations leads to a
breaking of translational invariance of the blades. That
is, the blades are not positioned at equal distances in this
geometry. The cost of breaking this symmetry has been
shown recently to cause a decrease in the contrast of the
four-blade NI [16]. Stated in another way, the phases oc-
curring due to diffraction inside the blade are not equal
for Path I and Path II in this NI geometry. The relative
phases in the two paths are spatially offset as follows:
φII = φI + ∆φm (11)
In this work we observe that displacing the last blade
by an amount equal to the thickness of the blade im-
proves the contrast. By moving the last blade on which
the neutron wavefunction recombines, an extra phase is
induced which cancels out (refocuses) the phase differ-
ence between the two paths.
One way of modeling defocussing (translating the last
blade by ∆z along the z direction in Fig. 1) using the QI
model is by translating the neutron wavefunction of one
path by m nodes in the transverse direction (y direction
in Fig. 1). A beam mismatched by m is equivalent to that
defocused by ∆z. We can then introduce a coherence
function Γm quantifying the effect of defocussing:
Γm =
∑
j
〈ψIIj |ψIj+m〉 , (12)
0
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FIG. 2. Simulations of the contrast obtained using the QI
model as a function of the defocussing parameter m. The
contrast of the four-blade DFS NI increases to a maximum at
m = N/2, for N = 44 and θ = pi/64, and then decreases. It
can also be noted that the contrast of the H-beam is higher
than that of the O-beam as expected [15]. (red curve) The
contrast of the three-blade NI (with N = 100 and θ = pi/32)
starts at a maximum value and then decrease to zero with a
good agreement to that shown in Ref. [24].
where |ψIj+m〉 and |ψIIj 〉 are the contribution to the wave-
function of path I and path II at node j, and where we
increment the wavefunction of path I by m nodes. In con-
nection to Eqs.(8,9), the quantities |BH| and ϕH are the
absolute value and the argument of the coherence func-
tion. Note that Γm is analogous to the coherence func-
tion defined in the standard theory of DD, see Eq. (A8)
in Appendix.
Fig. 2 represents a plot of the absolute value of the
coherence function (which is also equal to the contrast)
as a function of the defocussing parameter m. The plot
shows that by displacing the last blade, or equivalently
increasing m, the contrast increases to a maximum and
then starts to decrease again. The maximum contrast oc-
curs at a blade displacement ∆z which equals the crystal
thickness z0 or equivalently N . This displacement corre-
sponds to m = N/2 for the optimal values N = 44 and
θ = pi/64. Similar results can be reproduced from the
standard theory of DD, which is covered in the appendix.
Both models confirm that by introducing a defocussing, a
four-blade NI can be engineered to have a higher contrast
in the expense of an asymmetry in the two loops.
Introducing a defocusing in a standard three-blade NI
has been extensively studied, especially in the determina-
tion of the longitudinal and transverse coherent lengths of
a neutron wavepacket [6, 24–26]. By displacing the beam
in the longitudinal or transverse position, these experi-
ments measured the contrast as a function of beam dis-
placement. In a similar way we can apply the QI model
to the three-blade NI and offset the beam intersecting on
the surface of the third blade by m nodes. The coher-
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FIG. 3. The relative contrast in the four-blade DFS NI as
a function of mechanical vibrational noise frequency. The
thickness of the blades is z0. A comparison of the DFS inter-
ferometer (∆z = 0) and the optimally defocussed geometry
(∆z = z0) when operating in an environment with mechani-
cal vibrational around an axis through the center of mass and
normal to the plane of Fig. 1.
ence function as a function of m, obtained for a coarse-
grained parameters N = 100 and θ = pi/32, is shown in
Fig. 2. As expected we observe that it starts at a maxi-
mum (when m = 0) and falls steadily to zero, as the NI
is defocussed (m 6= 0). The simulation shows agreement
with those already presented in earlier theoretical stud-
ies of the coherence length ref. [24] and observed exper-
imental measurement of the transverse and longitudinal
coherent lengths [6, 27].
Although, a defocussing in the four-blade DFS NI ge-
ometry can lead to an increase in the contrast, it also
breaks the symmetry of the NI. That is, the area en-
closed by the first loop is different from the area enclosed
by the second loop. This area mismatch means that a de-
focussed DFS interferometer might now suffer from me-
chanical vibrations noise.
Here we consider only mechanical vibrational noise
that originate from rotations of frequency ω around the
center of mass and along the axis normal to the plane
of Fig. 1 as they are the major contributors to contrast
loss [14, 15]. When the four-blade DFS NI is subject to
such noise, the relative contrast defined as the contrast
in the presence of noise scaled by that in the absence of
no noise is given by
V(ω)/V(0) = |J0(ω2 48mnvyvzθ0τ/~)|, (13)
where J0() is the Bessel function of the first kind, mn is
the neutron mass, v = vy yˆ + vz zˆ is the velocity of the
neutron, θ0 is the amplitude of the the noise, and τ the
time a neutron of wavelength 4.4 A˚ takes between the
first and second blades. Shown in Fig. 3 is the plot of
the contrast eq. (13) as a function of the frequency of
the noise for ∆z = 0. Similar but slightly complicated
expression for the contrast can be derived for the defo-
cused four-blade NI. A simulation of this contrast is also
shown in Fig. 3 as a function of frequency for displace-
H-beam O-beam
O-beamH-beam
FIG. 4. The intensity profiles at the O-beam and H-beam
with no defocussing (m = 0) and with optical defocussing
(m = 20). The QI model parameters for this simulation were
N = 20000, and θ = pi/64.
ment ∆z = z0. The simulations show that the decrease
in the contrast is negligible.
IV. PROPOSED EXPERIMENT
An experiment to verify that defocussing in the four-
blade DFS NI leads to an increase in contrast can be
achieved by detaching the fourth blade of the DFS NI
and moving it by an amount ∆z. However, because of
the challenges that results from aligning a perfect crystal
NI to an angstrom precision, it is extremely difficult to re-
alized this. Rather we propose an alternative approach to
vary defocussing in the four-blade DFS NI that will result
in an increase of contrast, see Fig. 1a. By displacing the
beams as shown produces the same outcome as moving
the last blade. This procedure is rather much more effi-
cient because the experiment can be performed with the
current neutron interferometry facility at the National
Institute of Standards and Technology, Maryland, and
using the same four-blade DFS NI that was used in prove
of concept [12]. Several methods can be used to displace
the beam inside the NI . For example, when a neutron
beam propagates through a pair of prisms, made from a
non-absorbing uniform density material, it is displaced
by an amount determined by the refractive index of the
prism material. By positioning two pairs of prism, one
in each of the arms of the interferometer, the beam can
be displaced by an equal amount causing the beams to
be defocussed on the third blade. The situation in this
case is exactly the same as that when the blade is moved.
It should be noted that with the currently available op-
tical elements the beam can only be displaced by a few
micrometers. Therefore such a method would serve as a
verification of the defocussing hypothesis and as motiva-
tion to construct defocussed four-blade DFS NI geome-
tries.
In addition to measuring the contrast as a function of
beam displacement, we can look at the behavior of the
5intensity profiles of the O-beam and H-beam. Shown in
column 1 of Fig. 4 is the position sensitive intensity at
the H-beam without a defocussing (m = 0) and with a
defocussing (m = 20) in a four-blade NI. The coarse-
grained parameters are N = 20000 for the thickness and
θ = pi/64. Shown in column 2 of Fig. 4 is the same plot
but for the O-beam. Based on the H-beam intensities in
column 1, it is clear that defocussing has a drastic effect
on the intensity profile. That is, the profile with m = 20
is centralized around the origin while that with m = 0 is
widely distributed. Note that the heights of the figures
are not to scale as our purpose is to illustrate the width
and not the area.
V. CONCLUSION
By applying the QI model to dynamical diffraction to
formulate the coherence function we show that an opti-
mal design for a four-blade DFS NI with contrast close to
one can be achieved by defocussing the last blade. The
optimal contrast is found to be when the last blade is dis-
placed by an amount equal to the thickness of the blade.
By applying the same procedure to the three-blade NI, we
reproduced results that have previously been observed, il-
lustrating that the QI model is a simplistic yet efficient
to simulate dynamical diffraction effects in neutron inter-
ferometry. We also proposed an experimental procedure
to demonstrate this prediction. Although the breaking
of symmetry makes the interferometer vulnerable to me-
chanical vibrational noise, we also showed that the effect
of mechanical noise on the defocused interferometer is
negligible. Finally, we have also simulated the spatial in-
tensity profiles for a defocussed and non-defocussed NI
which show that defocussing centralizes the intensity at
the output.
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Appendix A
Standard theory of dynamical diffraction in a
four-blade NI
Consider a periodic crystal oriented in the Laue geom-
etry where the transmitted beam and the reflected beam
both exit from the same surface of the crystal. Also as-
sume that the crystallographic orientation are perpen-
dicular to the surface of the crystal. The wavefunction
of the incoming neutron in free space is represented as a
superposition of plane waves
|Ψin〉 =
∫
dkµk |k〉 (A1)
where µk is the probability amplitude of a component
|k〉 having wavevector k = ky eˆy + kz eˆz, see Fig. 1 for
details. According to the standard theory of dynamical
diffraction (DD), a component, |k〉, of the wavepacket
inside of the crystal generates two excitations along its
propagation direction and two along the Bragg diffracted
direction. At the exit of the blade, the four waves recom-
bine to form the transmitted and reflected which can be
expressed as
|Ψ〉 =
∫
dk µk
(
t |k〉+ r |kH〉
)
. (A2)
Here, the coefficients t and r are given by [6, 28]
t = eiχe
−ipiz0∆H η
(
C(η) + iS(η)
)
,
r = −ieiχe−i pi∆H (z0−2z)η
(
VH
V-H
)
S(η),
(A3)
where z0 is the thickness of the crystal whose potential
is represented by Fourier components VH, the parameter
∆H =~2K⊥pim−1|VH|−1, with K⊥=
√
k2⊥ − 2mV0/~2, m
the mass of the neutron, and the functions
C(η) = cos
(
piz0
∆H
√
1 + η2
)
,
S(η) =
η√
(1 + η2)
sin
(
piz0
∆H
√
1 + η2
)
.
Finally, χ = z0(K⊥ − k⊥) is the nuclear phase shift due
to the crystal which also occurs outside the Bragg con-
dition. The parameterization of the angular deviation
is η = δθ/ΘD, where ΘD is the range of accepted an-
gles by the crystal commonly referred to as the Darwin
width. The functions C(η) and S(η) are oscillation func-
tions, with period ∆H. Their oscillation cause the energy
to switch between the transmitted and reflected compo-
nents, a feature commonly referred to as the Pendelo¨sung
oscillation [6].
For convenience in the upcoming sections, we define a
function
Jmn =
∫
dη |µη|2|t|m|r|n, (A4)
that represents the integrated intensity and the proba-
bility of a beam of neutrons undergoing m transmissions
and n reflections.
In the case of the four-blade NI in Fig.1, if we introduce
a control phase difference φ between the two paths the
neutron wavefunction at the output can be expressed as,
|ΨNI〉 = |ΨH〉+ |ΨO〉 , (A5)
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FIG. 5. A plot of the contrast as a function of the difference
between the defocussing parameter and the thickness ∆z−z0.
It shows that the contrast can be improved by increasing the
defocussing parameter.
where, for example,
|ΨH〉 =
∫
dη
(
|ΨI(η)〉+ eiφ |ΨII(η)〉
)
,
=
∫
dηµη|tr3|
(
ei(ϕI+ϕt) + eiφei(ϕII−ϕt)
)
,
(A6)
where the blades are assumed to have the same thickness,
and ϕI and ϕII are the free space propagation phases of
the two components reaching the H-beam via path I and
II, and ϕt = arg[t]. Similar results can be obtained for
the O-beam.
The normalized integrated intensities on detectors
placed at the output of the NI and labeled IO for the
transmitted direction intensity and IH for the reflected
direction intensity can be expressed as
IH = AH + BH cos (φ− ϕH) ,
IO = AO − BH cos (φ− ϕH) , (A7)
whereAO = J40+J04, AH = 2J22. In the four-blade DFS
NI with beam displaces in the transverse direction by ∆z,
BH and ϕH are the the absolute value and the phase of
the coherence function (denoted as γ to distinguish from
the discrete version Γ) expressed as,
γ(∆z) =
1
N0
∫
〈ΨII(η) |ΨI(η)〉 ,
=
∫
g(η)ei(2ϕt−p∆z)dη,
(A8)
with ∆z = 2zm−2zm′ +za−zs, p = 2piη/∆H, g(η) is the
angular distribution, and N0 a normalization constant.
The quantities zs, zm, zm′ , and za are the locations of
the blades beam splitter, mirrors and analyzer crystals.
Here we consider the parameters from the four-blade
DFS NI design in [14, 15]. As shown in Eq. A8, the
focusing condition is ∆z = 0 results in a reduction in the
contrast for the four-blade DFS NI. A plot of the contrast
or equivalently the absolute value of γ, versus ∆z − z0
is shown in Fig. 5. The contrast is at a maximum where
the NI is defocussed by ∆z = z0.
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